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Convergence of Singular Difference Approximations
for the Discrete Ordinate Equations in x-y Geometry

By N. K. Madsen

Abstract. The solutions to two well-known finite difference approximations are shown
to converge to the solution of the discrete ordinate equations which are an approximation
to the linear Boltzmann equation. These difference schemes are the diamond approximation
of Carlson, and the central difference approximation. These schemes are known to give
singular systems of algebraic equations in certain cases. Despite this singularity, convergence
is shown for all cases when solutions exist.

1. Introduction. In this paper, we analyze some of the characteristics of certain
numerical approximations to the time-independent one-velocity linear Boltzmann
equation which is commonly known as the neutron transport equation. The transport
equation is an integro-differential equation whose characteristics and derivation
may be found in [1].

In practical applications, it is rare to encounter a neutron transport problem that
can be solved exactly. Therefore, many different numerical techniques have been
developed to approximate the solution of the transport equation. Qur attention in
this paper will be focused on one method, the method of discrete ordinates [1]. The
discrete ordinate approximation was first introduced by Wick [2] and Chandrasekhar
[3]. Discretization error estimates for the discrete ordinate approximation are found in
(4], [5], [6].

After the discrete ordinate approximation is made, there remains a coupled system
of partial differential equations. Again, in most practical applications it is unusual
to be able to solve these equations explicitly. Various finite difference methods have
been used to approximate the solution of the discrete ordinate equations and, in this
paper, we concern ourselves primarily with the diamond difference approximation
of Carlson [7]. The diamond approximation is a second order scheme and is con-
sidered for vacuum, reflecting, and periodic boundary conditions.

If a finite difference formulation leads to a nonsingular system of algebraic equa-
tions, then the existence of a unique solution is guaranteed. However, if the difference
formulation leads to a singular system, then a solution need not be unique and may
not even exist. It is known [8] that for vacuum boundary conditions the diamond
scheme gives a nonsingular system of equations. For periodic boundary conditions
the diamond scheme gives a singular or nonsingular system depending on the partic-
ular mesh chosen, [8]. Finally, for reflecting conditions, the diamond scheme always
leads to a singular system [9]. For these last two singular cases, it is known, however,
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that the singular system always has a solution which, in fact, is unique in a certain
sense, [8], [9].

In this paper, we show that for any of the above boundary conditions (including
the singular cases), the solution of the diamond difference equations converges to
the solution of the discrete ordinate equations. The convergence is shown in two
norms: a discrete L, norm, and a maximum norm. The convergence rate is O(h*) for
the discrete L, norm, where 4 is the maximum mesh spacing. These results answer
some of the questions raised by Gelbard et al. in [10]. We also show how these same
results can be obtained for the central difference approximation considered in [9].

2. Diamond Difference Approximation. The one-velocity form of the discrete
ordinate equations in x-y geometry may be written as

o)) 9;"%+ 9;"%+ >Te" — 2_:1 WIEMS = 8" m=1,2, - ,7,
where

¢™ is the flux in direction Q",

>7 is the total cross section,

S™ is the source term,

w" represents the quadrature weights,

™' is the scattering cross section from direction Q" to direction Q",

Q7, Q7, Qn are the direction cosines of Q7, .

r is the number of discrete directions used.

Equations (1) are the two-dimensional discrete ordinate equations and will be
considered in the domain D defined by 0 < x = L,,0 £ y < L,. The Egs. (1) will be
subject to certain conditions prescribed on 8D, the boundary of D. The vacuum con-
ditions are:

If (x, y) € 9D and Q™-n < 0, where n is an outward drawn normal at

(x, y), then ¢™(x, y) = 0.

2

The periodic conditions are:
¢M(0,y)___¢ﬂl(LI’y)’ OéyéLGm: ly2"" s Ty
"(x,0) = ¢"(x, L), O0=SxSL,m=1,2+-,r.

€))

Kellogg [11] has shown that reflecting boundary conditions are really a subclass
of the periodic conditions, so vacuum and periodic boundary conditions are all
that need be considered (the results of this paper can be directly verified for the
reflecting conditions using exactly the same techniques).

To approximate the solution of Egs. (1), we first impose a rectangular mesh on D
with the lines

X = Xg, X = X1, *** X = Xp, 0=x<x <+ < xy =1L,
Y=Y, Y=V, Y =Y 0=y <n<:- - <ys=1L,.

The mesh spacings Ax; = x, — x,_, and Ay; = y, — y,_, are not assumed uniform.
We introduce the mesh variables
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N:'n.i: léiélrléjé J)lé érs
V:".ia Oéiélrléjé‘lalé é"')
H;, 15i2L0=j=J,1=m=r.

These variables are associated with the imposed mesh as shown in Fig. 1. The
discrete ordinate equations for the (i, /) mesh box are now approximated by the
equations

VT = V?_l.f) m(H.-",,- - H’”)
Q,( Ax, + Q" Ay:’

+ ZIND — Z WZTIIND = STis

n=1

4)

(5) NO; = 3(VE, + Vit = 3(HD,; + HYio0,

where =7 ,, 277, and S7; are the respective values of =7, Z™'", and S™ at the center
of the (i, j) mesh box.
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FIGURE 1. Unknowns for the Diamond Approximation

The vacuum boundary conditions are approximated by

Vo, =0, 1 £ j £ J, for all m such that Q7 > 0,
©) Ve, = 0, 1 =< j < J,for all msuch that Q) < 0,
H?, = 0, 1 £ i £ I, for all msuch that Q7 > 0,
H?; =0, 1 £ i £ 1, for all m such that @ < 0,

and the periodic boundary conditions are approximated by

Vei= Vi, 12j=J,1=mZm,

Q)

A 1A

H:‘.0=H:’.,J) léiél,lém T.

Equations (4) and (5), together with boundary conditions (6) or (7), define the diamond
difference approximation to the discrete ordinate equations with vacuum or periodic
boundary conditions, respectively.
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It is convenient to define

®) zhr =20, — 2 w7

n=1

For the remainder of the paper, we make the following assumptions:

(9a) Z w" =4r and w" > 0 for all m,
me=l

(9b) ZPT =2 2> 0 foralli, j, m,

(9¢) =t = 20T for all i, j, m, n,

(9d) T2 0 for all i, j, m, n.

Ifg = (¢, ¢°, - -+ , ") is a vector whose components are functions of the variables

x and y which have partial derivatives with respect to x and y up to order p, then
we define

al al ¢m

axax aya: ’

||16|ls = max max sup 1<kZp,

m lalsk (z,4)ED

where @ = (a;, @), |a] = a1 + a.. _
For any mesh function N = (N7 ,), we define the maximum norm of N as

[IN||o = max |NT.il,
and the discrete L, norm as

172
i = [ 3 ax s

$,i,m

With the preceding definitions and assumptions we can prove the following theorem.
THEOREM 1 (Basic INeQuaLmTy). If N = (N?), V. = (V7,), H = (H?)), and
S = (ST,) are vectors whose components satisfy (4), (5), and (6) or (7), then

1
N1 < 3 lIslI.

Proof. Multiplying both sides of Eq. (4) by w"N7', Ax, Ay; and summing over
all appropriate i, j, and m, we find that
2 QT AywtNL(VT — VR 20 QF Axw"NT(HT; — HT L)

$,7,m i,i.,m
(10) + Z Ax; Ay; [Z =T W NT) — Z W"sz?:';N:iN?.f]
,17 m m,n
= D, Ax; Ay; w"NT,;ST;.
1,i,m

Using (5) and (6) or (7), one can show that the first two summations appearing in
(10) are nonnegative. Using (8), we may rewrite the third summation in (10) as

(11) D Ax; Ay wtETRNT D)+ X0 Axg Ay;w™w'STH(NT; — NI)NT;.

t.0m i,7,mn

Using (9¢), we rewrite the second sum in (11) as
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7 Ax; Ay;w"w'ZTI(NT; — NiNT,

$,i,m,n

+3 > Ax; Ay;w'w"ZV3(NG,; — NTN?,

$,i,m,n

=1 > Ax; Ay;w"w'ITHNT; — NI,

$,i,m,n
which is, by (9d), nonnegative. Now, combining these results, from (10), we see that
E Ax; Ay;w"'E“;',"}(NI",,)Z é E Ax; Ayiw"'N:-".,S'.-",,-.

$.i,m t,5,m

Using Schwarz’s inequality and (9b), we have
1
Zo [IN|I* < [IN[| [ISI| or [IN]|= 3, IISll-

We remark that if (N, V, H) is a solution of the diamond approximation, then
the Basic Inequality establishes the uniqueness of N.

3. Convergence of the Method. If¢ = (¢', ¢°, -+ , ¢") is the solution to the
discrete ordinate equations, and if N = (N7;), V = (V7';), and H = (H7,) are the
solutions to the diamond scheme, then we define the error vector e = (e7;) by

e =¢"(x; — % Ax;, y; — % Ay)) — N7,

Using the Basic Inequality, Taylor’s theorem, and a simple averaging technique, the
convergence of the diamond scheme is now easily demonstrated.

THEOREM 2. Let & = (¢, ¢°, -+ , ¢") be in C°[D] and have bounded third partial
derivatives. If assumptions (9) are satisfied, then there exists a positive constant C
independent of h and & such that ||e|| < C||@||s-h*, where h = max; ; (Ax:, Ay;).

Proof. Using = (¢', ¢°, -+ , ¢"), we define the averaged vectors U = (N7 ),
V= (VF,) and % = (%,,) by

NI i’[d’m(xn )+ o7 (x5 yi-1) + " (xiz1, ¥;) + ¢"(Xi-1, ¥i-1)]
Vi = 3lo"(x:, vi) + 67 (x5 yi-)],
37 = 3", ¥)) + ¢"(xim1, ¥

We remark that these vectors satisfy Eq. (5) exactly. Defining a vector e; = 9t — N,
we see that the vector e — e, has components ¢™(x; — § Ax;, y; — % Ay;) — N7, and
hence, by Taylor’s theorem,

lle — e = C" |I8lla- 7"

Therefore, it will suffice to estimate ||e,||. Substituting &%, U, &, and N, V, H into
(4) and (5), subtracting the two respective resulting sets of equations, and applying
the Basic Inequality shows that

1
el = 5 1181,

where § satisfies ||3]] = C”||#]|s-4*. The last inequality is obtained by several ap-
plications of Taylor’s theorem. Therefore, there exists a constant C such that
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llell = C 18]l A

COROLLARY. Let ' = min, ;(Ax;, Ay;), h = max, ;(Ax;, Ay;), and suppose there
exists a positive constant C, such that, for all meshes chosen, h < C,h'. Then, under
the assumptions of Theorem 2, we have the following estimate for the maximum norm
of e. There exists a constant C independent of h and & such that

llelle = C ||&]ls+h
Proof. Let |e7 ;.| = ||e||». Then we have

Ax;, Ayi ™% 1) S 20 Axi AywmEl ) = |le| [’
ty1.m

Solving for |e7° ; |, we have from Theorem 2 and the hypotheses that

io, io

(wm) 2 C, ||Blls- 4
o = lem — A <
[le]l lee.i] = @x.. Ay )7 [lell = ¥
CiC, ||8]]s- A°
é 1“2 IL¢ 3 é C ”6”3‘}1

Using the transformation given in [9] which relates the diamond difference ap-
proximation to the central difference approximation considered in [8] and [9], it is
easy to show that the results of this paper apply to the central difference approxima-
tion when solutions to it exist. The questions of existence of a solution to the central
difference approximation for the various boundary conditions are considered in.

(81, 91

Mathematics Section
Westinghouse Electric Corporation
Bettis Atomic Power Laboratory
West Mifflin, Pennsylvania 15122

1. B. DavisoN & J. B. Sykes, Neutron Transport Theory, Clarendon Press, Oxford,
1957. MR 20 #2217.
MR 52. G. C. WICK, “Uber ebene Diffusions-probleme,” Z. Phys., v. 121, 1943, pp. 702-718.

, 244.

3. S. CHANDRASEKHAR, “On the radiative equilibrium of a stellar atmosphere. II,”
Astrophys. J., v. 100, 1944, pp. 76-86. MR 6, 76.

H. B. KELLER, “On the pointwise convergence of the discrete-ordinate method,” J.
Soc. lndust Appl. Math., v. 8, 1960, pp. 560-567. MR 29 #6638.

5. B. WENDROFF, "“On’ the convergence of the discrete ordinate method,” J. Soc. In-
dust. Appl. Math., v. 8, 1960, pp. 508-513. MR 23 #B1674.

6. N. K. MADSEN, “Pointwise convergence of the three-dimensional discrete ordinate
method » SIAM J. Numer. Anal., v. 8, 1971, pp. 266-269.

B. G. CARLSON, “The numerical theory of neutron transport,” in Methods in Com-
putattonal Physics. Vol. 1. Statistical Physics, Academic Press, New York, 1963, pp. 1-42.
MR 27 #5382.

8. N. K. MADSEN, Convergence of Difference Methods for the Linear Transport Equa-
tion, Doctoral Dissertation, University of Maryland, College Park, Md., 1969.

9. J. A. Davis, L. A. HaAGeMAN & R. B. KELLOGG, “Singular difference approximations.
1:'01'3 the discrete ordinate equations in x-y geometry,” Nuclear Sci. Eng., v. 29, 1967, pp. 237-
243.

10. E. M. GELBARD, J. A. Davis & L. A. HAGEMAN, “Solution of the discrete ordinate
equations in one and two dimensions,” in Transport Theory, R. Bellman, G. Birkhoff and I.
Abu-Shumays (Editors), SIAM-AMS Proc., vol. 1, Amer. Math. Soc., Providence, R. L., 1969,
pp. 129-158.

11. R. B. KELLOGG, “On the spectrum of an operator associated with the neutron trans-
port equation,” SIAM J. Appl Math., v. 17, 1969, pp. 162-171. MR 41 #6425.



